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Abstract
Strong lensing time delay measurements provide a valuable and almost model-independent tool
for cosmological investigations. In this work we recognize that they also carry information on the
strength of the gravitational coupling at the redshift of the lens, and thus could be in principle
used to test the equivalence principle on extragalactic scales. For the case of an extended lens with
a static mass distribution we explicitly derive an analytical relation between G˙/G and the relative
variation of the time delay. For illustrative purpose, we apply our formula to the light curves of
multiple images of the quasar WFI2033-4723 and simulated ones, which results in weak constraints
on the variation of G˙/G of order 10−2 yr−1 in the best scenario. Finally we briefly discuss how
those constraints can be improved in the next future.
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I. INTRODUCTION
Cosmology is a very vivacious research field where several branches of physics combine
with the ambitious goal of describing the evolution of our Universe. In the last decades,
thanks to the joint effort of several researchers, the state-of-the-art observations brought
us into the era of precision Cosmology [1]. Along with this increasing precision appeared
tensions on the measured value of cosmological parameters, see for example Refs. [2–6],
signaling maybe the necessity of new physics beyond the Standard Model [7]. To deal
properly with this issue, it is of utmost importance to develop observational techniques
which are model-independent, i.e. that minimize the number of assumptions required to
infer the cosmological parameters from the data, see for example Ref. [8].
An observable whose measure is model-independent is the so-called redshift drift, defined
as the time variation of the redshift of a source due to the Hubble flow, which thus relies
only on the assumptions of homogeneity and isotropy. It was proposed for the first time by
Sandage and McVittie in 1962 [9]. At that time, they concluded that it was impossible to
detect such an effect in a reasonable time span, but is nowadays a promising observational
task for collaborations like SKA or ELT. For this reason, probing cosmology via redshift
drift is an active research field, see for example Refs. [10–14].
Another interesting and almost model-independent observable is the time delay of in-
coming signals from multiple images in a strongly gravitational lensed system, which is due
to the different paths that the photons emitted by the source have to travel because of
the presence of the lens, see for example [15]. Within the COSMOGRAIL 1 program, the
H0LiCOW collaboration 2 employed time delays measured over the last decade to constrain
the value of the cosmological parameter H0 to a few percents level in a model-independent
way [16–18], with competitive precision with respect to other cosmological probes. Strong
lensing time delay measurements can also be used to put constraints on the post Newtonian
parameter γPPN , as discussed in Refs. [19, 20]. Furthermore, with optimistic assumptions
on the surveys, in the next years the precision of observations will be enough to provide a
smoking gun for Dark Energy [21].
In Ref. [22], the two aforementioned observables were combined and the possibility of
using them to study cosmology discussed. The authors however, similarly to Sandage and
1 http://www.cosmograil.org
2 https://shsuyu.github.io/H0LiCOW/site/index.html
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McVittie back in the 60’, concluded that the magnitude of the drift effects is so small that
it is not detectable with present observations.
In this letter, we suggest a method to test the equivalence principle from constraints on
the time variation of the time delay. Indeed, as we will discuss later, while spectroscopic
measurements of the redshift drift are blind to the variations of G, the redshift drift of
photons passing through the gravitational potential generated by the lens carry information
on the time dependence of the effective gravitational coupling.
Several theories of modified gravity and Dark Energy imply the violation of the equiva-
lence principle at some level, see for example Ref. [23]. For a review of the constraints on
the variation of the fundamental constants of nature, see for example Ref. [24]. Usually,
constraints on the variation of G come from experiments performed on galactic and solar
system scales, like the Lunar Laser Ranging [25] and pulsars timing [26, 27] to mention
some of them. Other constraints are obtained by noting that the stellar evolution would be
modified by a varying G, with an impact for example on the age of old globular clusters
Ref. [28], or from Big Bang Nucleosynthesis [29]. The former could be considered as very low
redshift constraints, while the latter as high redshift constraints. An interesting constraint
at intermediate redshift could be extrapolated by the luminosity of SNIa [30] by modifying
their Chandrasekhar mass.
The main purpose of this work is to show how time delay measurements provide another
way of constraining the variation of G at the redshift of the lens and thus, similarly to SNIa,
can be used to test the equivalence principle at intermediate scales. Our conclusion is that
current observations produce constraints which are several order of magnitude weaker than
the constraints existing in the literature, but are likely to improve in the future.
The structure of the paper is the following: in section II we briefly review the results of
[22] and discuss how the time evolution of a point mass lens system is affected by the presence
of a time-dependent gravitational coupling. In section III we discuss the application of the
above scheme to a realistic model of lens. In section IV we use both simulated data and
light curves of the lensed system WFI2033-4723 to illustrate the method. Finally, section V
is devoted to a discussion of the results and our conclusions.
Through the paper we will indicate the Newton constant withGN and the general effective
gravitational coupling with G, assuming that the second can vary in time.
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II. REDSHIFT DRIFT OF GRAVITATIONAL LENSING FOR A POINT MASS
The basic ingredient of gravitational lensing is the lens equation, which in the thin lens
approximation for a point mass reads [15] :
β2E ≡ β (β − α) =
4GNM
DL
DLS
DS
= 4GNM (1 + zL)
(
1
χL
−
1
χS
)
, (1)
where the D’s are the angular diameter distances, β is the angular position of the image, α
the angular position of the source while zL indicates the redshift of the lens and χL, χS the
comoving distance to the lens and to the source.
The redshift, due to the Hubble flow, is a time-dependent quantity and we can define the
redshift drift as:
dz
dt
= H0 (1 + z)−H(z) . (2)
As discussed in [22], applying Eq. (2) to the time derivative of (1) results in a drift of the
angular position of a source and the time delay between incoming signals from the multiple
images of a point lens system. The angular drift reads:
2
β˙E
βE
= H0 −
H(zL)
1 + zL
, (3)
while the time delay drift reads :
∆˙
∆
= K
(
H0 −
H(zL)
1 + zL
)
, (4)
where the time delay ∆ = ∆pot+∆geo is defined as the sum of the geometric and the potential
time delay, and K is a constant factor, generally of order 1, that depends on the mass of
the lens and angles relative to the multiple images, see for example section 9.4 of Ref. [15]
for more details.
Drift effects in presence of a time-dependent gravitational coupling
Equations (3) and (4) are obtained assuming that the only time-dependent quantity in
Eq. (1) is the redshift of the lens zL. However, in several alternative theories of gravitation
the gravitational coupling evaluated in the quasi-static approximation (QSA) for scales deep
inside the Hubble radius becomes a dynamical quantity and, as a consequence, the Newton
constant GN must be replaced by a time-dependent effective coupling we denote G. In
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a generic f(R) theory, for example, we have G ∼ 4GN/3fR, so that G acquires a time
dependence from the derivative of f with respect to R. For a detailed discussion and
extension to more general cases see Ref. [31]. In the deflection angle due to the gravitational
lensing effect, we have a degeneracy between the mass of the lens and the gravitational
coupling G, thus it would not be possible in principle to distinguish a stronger coupling
from a heavier mass. On the other hand, the situation is different if we take into account
drift effects. Indeed, in this case Eqs. (3) and (4) gain an extra contribution:
2
β˙E
βE
= H0 −
H(zL)
1 + zL
+
G˙
G
, (5)
∆˙
∆
= K
(
H0 −
H(zL)
1 + zL
+
G˙
G
)
, (6)
where it is understood that G is the gravitational coupling at the redshift of the lens. The
above equations show explicitly that drift effects in the context of strong lensing, contrary
to what happens with spectroscopic measurements, are sensitive to variations of the gravi-
tational coupling.
As argued in [22], a signal of order H0 −HL/(1 + zL), assuming a realistic cosmological
evolution, is beyond the sensitivity of current observations. This, in turns, implies that the
non-detection of such a signal could be used to put upper bounds on the variation of G, thus
employed as a test of the equivalence principle. Since time delay measurements are generally
more precise than angular ones, in the next section we will discuss how to extend the above
framework to the time delay drift of more realistic lensing profiles beyond the point mass
approximation.
III. TIME DELAY DRIFT FOR AN EXTENDED LENS PROFILE
In the thin lens approximation the lens equation for a general mass distribution can be
written as:
(β −α) = ∇θψ (β) , (7)
where β = (β1, β2) and α = (α1, α2) are the position in the sky of the image and the source
respectively, and ∇θ is the two-dimensional angular gradient. The quantity ψ(β) appearing
in Eq. (7) is the lensing potential and is defined as:
ψ(β) ≡
2
c2
DLS
DLDS
∫
β
dλ Φ , (8)
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where Φ is the standard Newtonian gravitational potential and the integral is taken along the
path of the light ray, which depends on β and is parametrized by λ. Taking the divergence
of Eq. (7), as long as the extent of the lens is small compared to cosmological distances, we
can use the Poisson equation to relate the Laplacian of the lensing potential to the mass
distribution of the lens:
∇2θψ (β) =
8piGN
c2
DLDLS
DS
Σ(β) , (9)
where we have defined the surface mass density:
Σ(β) ≡
∫
β
dλ ρ , (10)
in which appears the mass distribution of the lens ρ. For a detailed derivation and an
explanation on the assumptions behind Eqs. (7), (8), (9) see for example Ref. [32].
The time delay between two multiple images i, j for a generic lens can be written, see
Ref. [33], in the form:
∆ij =
D∆t
c
(
(βi −α)
2
2
−
(βj −α)
2
2
+ ψ (βj)− ψ (βi)
)
, (11)
where it was defined the time delay distance:
D∆t ≡ (1 + zL)
DLDS
DLS
. (12)
Inside the bracket one can distinguish the geometric time delay contribution in the first two
terms and the potential one in the last two. We want to evaluate the time derivative of
Eq. (11) with the hypothesis of a time-dependent gravitational coupling G. Let us begin
with the time derivative of the lensing potential Eq. (8):
ψ˙(β) =
2
c2
DLS
DLDS
(
1
(1 + zL)
dzL
dt
∫
β
dλ Φ +
d
dt
(∫
β
dλ Φ
))
. (13)
The time dependence of the second term in the right hand side of the latter equation comes
from the change in time of the light ray path due to a variation of β and to the dependence
of the Newtonian potential. The former is difficult to compute exactly because it is in
general difficult to describe precisely the curve identified by the light ray path. On the other
hand, it is reasonable to assume that the induced variation of the curve is small and does
not contribute to the support of the integral in Eq. (8). In particular, this is true if we
evaluate the above integral within the the Born approximation, i.e. along the unperturbed
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light path, as it is customary in strong lensing applications where Φ/c2 ≪ 1 [32]. Within
this assumption we can interchange the operation of integration and time differentiation
obtaining:
ψ˙(β) = ψ(β)
(
H0 −
H(zL)
1 + zL
)
+ ψ(β)
∫
β
dλ Φ˙∫
β
dλ Φ
. (14)
The above equation can be further simplified if we consider a static distribution of matter.
Indeed, in this case the only time dependence of the Newtonian potential is through the
effective gravitational coupling G, so that we have:
ψ˙(β) = ψ(β)
(
G˙
G
+H0 −
H(zL)
1 + zL
)
. (15)
In concrete time delay measurements, the time delay distance must be corrected in order to
take into account the effect of the mass distributed along the line of sight and the effect of
the peculiar velocity of the lens. This correction is implemented by introducing the external
convergence κext, which relates the real time delay distance D
real
∆t to D∆t via:
Dreal∆t ≡
D∆t
1− κext
, (16)
see for example Ref. [33]. If we assume that the external convergence has a time dependence
this would be inherited by the time delay distance (12).
Finally, by mean of Eq. (15), we are able to define the logarithmic time derivative, i.e.
the relative variation, of the time delay:
∆˙ij
∆ij
=
(
G˙
G
+H0 −
H(zL)
1 + zL
)[
1 +
D∆t (βi −α)
2
2c∆ij
−
D∆t (βj −α)
2
2c∆ij
]
−
κ˙ext
1− κext
. (17)
It is interesting to note that the term due to the external convergence does not depend on
the angular position of the images, contrary to the one inside square brackets. Thus, even if
not constant, it is the same for all the multiple images in a lensed system, and considering
differences of their time delay drift will allow to eliminate its contribution.
IV. ESTIMATING THE VARIATION OF THE TIME DELAY FROM CURRENT
DATA
We now illustrate how the data can put constraints on the variation of the time delay. To
this end, we use the package PyCS from the COSMOGRAIL program 3, see Refs. [34, 35].
3 Available here.
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∆AB ∆AC ∆AD ∆BC ∆BD ∆CD
Trial I -6.16 -18.94 -68.52 -12.78 -62.36 -49.58
Trial I+II -6.47 -26.16 -70.87 -19.69 -64.40 -44.71
DES 0408 WFI I -121.49 -143.27 -115.95 -21.77 +5.55 +27.32
DES 0408 WFI I+II -117.45 -121.43 -156.95 -3.97 -39.50 -35.52
TABLE I. Time delay ∆ between four images from a simulated quasar and the WFI2033-4723
quasar [36]. Each image is labeled from A to D. The numbers I and I+II indicate that ∆ was
measured over the first half of the period of observations, or over the whole period. All values are
given in days.
|∆˙AB/∆AB | |∆˙AC/∆AC | |∆˙AD/∆AD| |∆˙BC/∆BC | |∆˙BD/∆BD| |∆˙CD/∆CD|
Trial 7.7× 10−5 5.8× 10−4 5.2 × 10−5 8.2× 10−4 5.0 × 10−5 −1.5× 10−4
DES 0408 WFI 1.8× 10−4 9.5× 10−4 1.4 × 10−3 2.4× 10−2 3.2 × 10−2 1.6× 10−3
TABLE II. Estimated absolute time delay variation for the simulated quasar and WFI2033-4723.
All values are given in day−1.
The data used are the simulated lightcurves used in [35] and from the quasar WFI2033-4723
[36]. We split the total time of observations in two equal time periods. Each period consists
of 658 days for the trial curves, and of 189 days for WFI2033-4723. The time delay between
each image is then calculated for each period, and summarized in Table I. From it we can
readily estimate the relative variation (17) as:
∆˙ij
∆ij
=
∆ij (t+ δt)−∆ij(t)
δt∆ij(t)
=
∆I+IIij −∆
I
ij
∆Iijδt
, (18)
We display the results in Table II.
Estimated constraint on the gravitational constant variation
Through Eq. (17) it is possible to relate constraints on the relative time variation of ∆ij to
upper bounds on the variation of G˙/G. We can indeed estimate the magnitude of the redshift
drift effect due to the Hubble flow to be of the order of H0 ∼ 10
−10 yr−1, so we assume that
its effect is negligible within the precision of the measurements. The external convergence
time dependence is difficult to evaluate. We expect it to depend explicitly on G˙/G, similarly
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|G˙/G|AB |G˙/G|AC |G˙/G|AD |G˙/G|BC |G˙/G|BD |G˙/G|CD
Trial 2.8× 10−2 2.1 × 10−1 1.9 × 10−2 3× 10−1 2× 10−1 5.5 × 10−2
HE 0435 6.6× 10−2 3.5 × 10−1 5.1 ×10−1 8.7 11.7 5.8 ×10−1
TABLE III. Upper bounds on the absolute value of G˙/G in yr−1 from the simulated quasar and
WFI2033-4723.
to the potential generated by the lens, with the two contributions having the same sign, but
in what follows we will assume that it is negligible with respect to the precision of current
observations. We want to stress however, as we discussed in the previous sections, that it
is in principle possible to disentangle such contribution by considering differences of time
delays drifts of multiple images.
Another effect that could be of relevance is the time variation of the time delay due to the
peculiar velocity of the lens galaxy and its transverse motion. On the other hand, according
to Refs. [37, 38], this contribution is estimated to be of the order of a few seconds per year,
so that the effect, even though it is bigger than the cosmological one due to the Hubble
flow, is still not appreciable with current precision. Under these assumptions, and roughly
estimating the term inside the square bracket of Eq. (17) to be of order 1, the values of
Table II can be directly converted into upper bounds on the time variation of the effective
gravitational coupling. The results are reported in Table III.
V. SUMMARY AND DISCUSSION
The main purpose of this work is to illustrate how time delay measurements can be
employed as a test of the equivalence principle. More specifically, we show that the variation
of the time delay is an observable sensitive to the time variation of the gravitational coupling
G. In the case of a lens with a static mass distribution, we were able to write explicitly
such a dependence in Sec. III, i.e. Eq. (17). We also showed that in principle it is possible,
in a system with multiple lensed images, to disentangle the contribution of the external
convergence time variation by considering differences in the time delay variation of multiple
images. In Sec. IV, for illustrative purposes, we considered both a simulated dataset and
the real light curves of the lens system WFI2033-4723 to study how the data could constrain
the relative variation of the time delay. We splitted the total observation time in two
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data sets and considered how the estimated time delay of each image changed in the two
epochs. Then, assuming that the contributions from time delay drift, transverse motion and
variation of the external convergence are, as expected by theoretical predictions, beyond the
sensitivity of current experiments, we converted the estimated variation of the time delay in
upper bounds on the variation of the gravitational coupling |G˙/G|. The constraint, which
in the most optimistic cases are of order ∼ 10−2 yr−1, are ∼ 10 order of magnitude weaker
than the ones obtained with other probes, which are in general of order 10−11− 10−12. We
want to stress, however, that the constraints derived here can improve in several ways, in
particular with a prolonged period of observation. The light curves of the quasar WFI2033,
for example, were obtained over a period of roughly 7 months. A similar variation of the
time delay, of the order of days in the best scenario, over a period of 4 years would improve
the constraint of a factor 10. We also expect more precise data, like the light curves of
Ref. [39], to result also in a constraint at least one order of magnitude stronger. Finally, as
discussed in Refs. [37, 38, 40], if in the future strongly lensed repeated FRB are detected,
they will provide time delay measurements of such extremely high precision, nominally of
the order of seconds, that even redshift drift effects due to the Hubble expansion will be
appreciable.
Strong lensing time delay measurements are an extremely valuable tool to study our
Universe which already provide a competitive model-independent probe to investigate post-
Newtonian and cosmological parameters. The goal of this paper is to suggest a novel in-
strument for testing the equivalence principle on extragalactic scales. At the moment, the
contribution of time delays variations in this regard is very modest, but we keep high ex-
pectations for the future.
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